Abstract. By using a specially constructed cone and the fixed point index theory, this paper investigates the existence of multiple positive solutions for the third-order threepoint singular semipositone BVP:
Introduction
Singular boundary value problem (BVP) and semipositone BVP arise in a variety of differential applied mathematics and physics and hence, they have received much attention (for example, see [1, 2, 4, 6, 7] and references therein). Meanwhile a lot of attention has also been paid to third-order three-point BVP:
x ′′′ (t) − λ f (t, x) = 0, t ∈ (0, 1);
x(0) = x ′ (η) = x ′′ (1) = 0, (1 λ ) where 1 2 < η < 1, f (t, x): (0, 1) × [0, +∞) → (−∞, +∞). In 1998, Anderson [3] considered the problem (1 λ ) and obtained an existence result about positive solutions when f (t, l) = f (l) and f : [0, +∞) → [0, +∞). Recently, Yao [8] has investigated (1 λ ) when f is semipositone but not singular at t = 0,t = 1, and x = 0; and he obtained the following existence theorem. Then the problem (1 λ ) has at least one positive solution, provided 0 < λ < min 6 Bη 2 (3 − 2η)
,
By using the approximation method, the fixed point index theory, and a newlyconstructed cone, the present paper considers (1 λ ) when the non-linear term f (t, x) may be singular at t = 0,t = 1, and x = 0, also may be negative for some values of t and x. The existence of multiple positive solutions is obtained under a simple assumption which is very similar to that of [8] .
The paper is organized as follows: In the rest of this section, some preliminaries are introduced. In §2, the main result will be stated and proved and in §3, some examples are worked out to demonstrate our main result.
A map y ∈ C [[0, 1] , R] is said to be a positive solution to BVP(1 λ ) if it satisfies (1 λ ) and y(t) > 0 for t ∈ (0, 1].
In obtaining positive solutions to (1 λ ), the following two results are fundamental. 
Main results
For convenience, we list the following hypothesis.
both uniformly with respect to t ∈ [α, β ].
The following theorem is our main result. 
Before giving the proof of Theorem 2.1, we first list some preliminaries and prove some lemmas.
Let
, then E is a Banach space with norm x = max t∈I |x(t)|. Throughout this paper, we shall use the following notation:
It is well-known that G(t, s) is the Green's function of homogeneous boundary value problem:
Lemma 2.1. G(t, s) defined as above have the following properties:
is a non-negative concave
Proof. The proof of (1) and (2) can be seen from [8] .
The proof of (3) is as follows:
Therefore it is easy to see that
The proof of (4) is as follows: For t ∈ [0, η], we have
On the other hand, for t ∈ [η, 1],
Similar to the above, for t ∈ [η, 1], let
For λ ∈ (0, +∞), j ∈ N (N = {1, 2, 3, . . .}), consider the following approximation problem of (1 λ ):
where
It is easy to see 
Let operator A j λ be defined by Therefore, x ∈ Q is a solution of (2) 
where Q r = {x ∈ Q : x < r}.
Proof. By Lemma 1.2 and (H 1 ), there exists a non-decreasing function
K is defined in Lemma 2.1(4).
We now claim that
If it is false, then there exist x 0 ∈ ∂ Q r and µ 0 ∈ [0, 1] such that
Noticing x 0 ∈ Q and using Lemma 2.1, we get
Furthermore, since q(t) is a non-negative function on [0,1], it is easy to see
Therefore, by (5), (6) , and (H 1 ) we have
, ∀t ∈ (0, 1).
Integrate (7) from t to 1 to obtain
Now integrating (8) from t to η, we have
that is,
Integrate (9) from 0 to η to get
On the other hand, noticing x 0 ∈ Q and x ′ 0 (t) > 0 for t ∈ (0, η), we get 
Proof. By (H 2 ) we know that, for ∀λ ∈ (0, λ (r)), there exists L > r > 0 such that
Set
In fact, if it is not true, then there exist
then for ∀t ∈ [α, β ], we have
By (10) and (11) we get for ∀t ∈ [α, β ],
This is a contradiction with x 0 ∈ ∂ Q R . Thus, the proof of Lemma 2.4 is completed. 2
Lemma 2.5. For the above-mentioned r > 0 and λ (r) > 0, there exists
G(t, s)ds.
Then Mλ < δ for λ ∈ (0, λ ). Fix λ ∈ (0, λ ), choose r ′ = r ′ (λ ) ∈ (0, δ ) and j sufficiently large such that
Next, we prove
Suppose this is false, then there exist x 0 ∈ ∂ Q r ′ and µ 0 ∈ (0, 1] such that A j λ x 0 = µ 0 x 0 . Since x 0 (t) ≥ r ′ q(t) and φ λ ≤ λ MKq(t) for t ∈ I, we can get
On the other hand,
Therefore,
This is in contradiction with x 0 ∈ ∂ Q r ′ and immediately our result follows. 2 Lemma 2.6. For each λ ∈ (0, λ ) and sufficiently large j, BVP (2) has at least two positive solutions x j and y j satisfying
where R, r ′ and λ are the same as in Lemmas 2.4 and 2.5.
Proof. By Lemmas 2.3-2.5 and the additivity of fixed point index we can easily get
It follows from solution property of the fixed point index that there exist y j ∈ Q R \ Q r and x j ∈ Q r \ Q r ′ such that Similar to the proof of (9), we get 
It is easy to see f (t, x) is singular at t = 0,t = 1, and x = 0, also may be negative for some values of t and x. Evidently, (H 1 ) and (H 2 ) are satisfied for (20). Then by Theorem 2.1, we can get that (20) has at least two positive solutions when λ is sufficiently small.
Example 2. Consider the following BVP:
It is easy to see that by Theorem 2.1, (21) has at least two positive solutions when λ is sufficiently small.
